Rational solutions of the fourth and fifth Painleve hierarchies 
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We will consider four hierarchies of higher order analogues of the fourth (P4) and fifth (P5) Painleve 
equations. The necessary and sufficient conditions for having rational solutions will be presented. Also 
the algorithm for obtaining such solutions will be described. 

The hierarchies obtained in [4] generalize the property of having an extended affine Weyl group of 
Backlund transformations. The hierarchy of (P4) is represented by the system of ordinary differential 
equations 
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where on are such complex parameters, that Y27=o a i = h ®j fi are unknown functions and n is an 
odd number defining different members of the hierarchy. Further description of ([I]) and its properties 
connected to this paper could be found in [5], [8] and [9]. 

Another hierarchy of analogues of the (P4) was considered by Shabat [Ij, Veselov [2] and Adler [3]. 
It was obtained as the result of periodic closing of the dressing chain for linear Schrodinger equation. 
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h ^ and n is odd. With the scaling change 
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Here «j are also such complex parameters that ^I^o 1 

of variables in (pQ) as also in ([2]) one can vary the value of h. Considering this we will further use h 
without the loss of generality. 

As analogues of (P5) we will again consider the hierarchies of Noumi and Yamada from [4] with 
(Yli^Q 1 a i = h 7^ 0) and arbitrary natural n defining the number of a member in the hierarchy. After 
change of variables it takes form 
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Some properties of ([3]) connected to this paper are presented in [4], [10] and [TT]. We will explain the 
correspondance of © to the systems of ordinary differential equations obtained by Shabat fjQ, Veselov 



[2] and Adler [3] with (£ 
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92n+l + 9*0 ~ 9 ~ 92n+l + a 2n+l, 

Without the loss of generality we will again assume for Q and ([5]) that h = 1. 

When considering these hierarchies with real- valued parameters «j, there exist a Backlund trans- 
formation, which leads to the system with < cc, < 1 e.g. [8J. In this case the following sufficient 
conditions on «j for existing of rational solutions are known: for the system ([!]) with odd n 
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For the system ([3]) with Co 7^ and C\ 7^ we also have 
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And if in the rows of the tables © and ([7]) we admit all possible permutations of all couples of 
zeroes this will describe the complete set of the parameters ck$, with which the hierarchies ([I]) and ([3]) 
admit rational solutions. Considering the relations between the both P4- hierarchies (HI),© and also 
between the both P5-hierarchies ([3|), (|5|) the tables could be used for obtaining the conditions of having 
rational solutions for the systems (|2|) and ([5]). 

Further we well consider two more hierarchies of the (P4). We well show that both of them admit 
the solution in the form of 1/x. These hierarchies are the one that was introduced by Kudryashov in 
[B] as the compatibility condition 



APA X + 2AP X + XAy x + 2XyA x - yy x A + A xxx + A 2 + 2y x A x - Ay x 
for the system of linear partial differential equations 



X 2 A X - y 2 A x -Xy = 



(A — y(x))^ x — P(x)^ 
A(x, X)^ x + B(x, A)*, 
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where A(x, A) is a polynomial of A. The degree of A(x, A) as a polynomial of A corresponds to the 
member's number in the hierarchy. For example, the second member (n = 2) has the form: 
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8xy 8 - 2/3y 7 - 6x 2 y 6 - 2/3xy 5 + 



+ (i/3 2 - 2 + 95 - fx 3 ) y 4 + f3xy 2 + \^y = 0, 



In this equation /3 and 8 are complex parameters. 

And the last considered here analogues of the (P4) were obtained by Gordoa, Joshi and Pickering 
in [7] from nonisospectral scattering problem 
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and g n / 0. 



In this problem a n , j3 n and gi, i = 0, n + 1 are complex parameters among which g ra _i 
The number n denotes the member's place in the resulting hierarchy. 

The last result shows that all the considered P4-hierarchies have the common property: they assume 
the solution 1/x as also the original P4 does. 
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